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S IM U L TA N E O U S  P R E CE S S IO N  M A N E U VE R  A N D  A CTIVE  N U TA TIO N  
CO N TR O L  

S ergei Tanygin* 

S im u ltaneou s precession m aneu ver and active nu tation control is 
proposed for axisym m etric spinners. N om inally, only certain ratios of 
inertia m om ents facilitate nu tation cancellation du ring precession 
m aneu ver. S pacecraft with  oth er ratios m ay b e su b jected to 
significant residu al nu tation, wh ich  m ay need to b e actively 
controlled. Th e proposed m eth od m odifies start and stop tim es of 
each  pu lse du ring th e precession m aneu ver in order to redu ce 
residu al nu tation wh ile m aintaining precession accu racy. P aram etric 
stu dies indicate significant potential fu el and tim e savings as well as 
overall accu racy im provem ents.  

 

IN TR O D U CTIO N  

S p in-sta b ilized  sp a c ec ra ft c a n be very sim p le a nd  fuel effic ient, w hic h m a kes this 
op tion p a rtic ula rly a ttra c tive for sm a ll sp a c ec ra ft. A  num ber of la rger sp a c ec ra ft a re a lso 
sp inning a t lea st d uring som e p ha se of their lifetim e1-4. D uring sp inning, the sp a c ec ra ft 
reorienta tion is a c c om p lished  using p rec ession m a neuver. This involves p ulsing the offset 
a xia l thruster a t tim es w hen the a p p lied  torque c a n m ove the a ngula r m om entum  vec tor in 
the d esired  d irec tion. This ind uc es nuta tion of the a xisym m etric  sp a c ec ra ft, w hic h m oves its 
sp in a xis. W ith the a p p rop ria te c hoic e of inertia  m om ents, the nuta tion c a n be c a nc elled  la ter 
a nd  sp a c ec ra ft p la c ed  into a  p ure sp in a b out its new  inertia l orienta tion.2,4 If inertia  m om ents 
d o not ha ve c erta in ra tios, the nuta tion w ill not be fully c a nc elled  a nd  c a n a c tua lly grow  quite 
la rge. Rigid  ob la te sp inners a nd  p rola te sp inners m a y require a c tive nuta tion c ontrol (A NC ) 
to c a nc el resid ua l nuta tion.4 The m ethod  p rop osed  in this p a p er m od ifies p rec ession 
m a neuver in suc h a  w a y so a s red uc e resid ua l nuta tion for a  w id e ra nge inertia  m om ents w hile 
m a inta ining p rec ession a c c ura c y. If this is a c c om p lished , it c a n lea d  to better p ointing 
a c c ura c y a s w ell a s fuel a nd  tim e sa vings.  

 

E Q U A TIO N S  O F M O TIO N   

The first step  in d evelop ing of the p rop osed  m ethod  c onsists of form ula ting 
equa tions of m otion, initia lly, for a  single p ulse a nd , then, for m ultip le p ulses. The equa tions 

                                                      
* Mem ber A A S  a nd  A IA A . S r. A stro-D evelop m ent S p ec ia list, A na lytic a l G ra p hic s, Inc ., 325 Tec hnology D r., M a lvern, PA  
19355, sta nygin@stk.c om  



 2  

a re d erived  und er the a ssum p tions tha t the sp a c ec ra ft is a n a xisym m etric  rigid  bod y a nd  tha t 
p ulses a re rep resented  by the id ea l squa re w a ve. The effec t c a used  by viola tions of these 
a ssum p tions is d isc ussed  in subsequent sec tions. The follow ing nota tion is used  throughout 
this p a p er. The ob la teness p a ra m eter ind ic a tes d egree of a sym m etry of the sp a c ec ra ft: 

ta II /≡σ ,         (1) 

w here aI  a nd  tI  a re the a xia l a nd  the tra nsverse m om ents of inertia , resp ec tively. The 
p a ra m eter is grea ter tha n 1 for a n ob la te sp a c ec ra ft (e.g. d isc  sha p ed ) a nd  is less tha n 1 for a  
p rola te sp a c ec ra ft (e.g. rod  sha p ed ). V a lues fa rther a w a y from  1 in either d irec tion ind ic a te a  
m ore a sym m etric  sp a c ec ra ft. O b la teness of 1 c orresp ond s to a  sym m etric  sp a c ec ra ft (e.g. 
sp here). The bod y observed  nuta tion frequenc y ind ic a tes how  fa st the a ngula r veloc ity vec tor 
is seen rota ting a bout the a ngula r m om entum  vec tor: 

( )Ω−≡ 1σλ ,         (2) 

w here Ω  is the sp in ra te a b out sp a c ec ra ft’s a xis of sym m etry (or sp in a xis). Tha t sa m e 
m otion observed  in the inertia l fra m e ha s frequenc y Ω=Ω+ σλ . A  thruster loc a ted  on the 
sid e of the sp a c ec ra ft a nd  firing a long the sp in a xis p a sses through its d esired  p rec ession 
a lignm ent every integer num ber of sp in p eriod s. A ny m ultip lic ity of sp in p eriod s c a n be used  
a s the p ulse c yc le p eriod : 

Ω≡ /2 kT π , ,...3,2,1=k ,       (3) 

but the fa stest a nd  sim p lest stra tegy c a lls for p ulsing d uring every revolution of the 
sp a c ec ra ft, i.e. 1=k . A ll p ulses a re a ssum ed  to ha ve the sa m e d ura tion t∆ , w hic h d oes not 
need  to be sm a ll in d eriva tions below . H ow ever, given tha t the sa m e thrust im p ulse 

tFIF ∆≡ ,         (4) 

w here F  is the m a gnitud e of the resulta nt forc e, is m ore effec tive if p rod uc ed  d uring shorter 
p ulses, a  useful sim p lific a tion c a n be obta ined  for 1<<Ω∆t . The d eriva tions in this sec tion 

seek to d ec oup le the m otion of the sp in a xis from  the sp in itself. In d oing so, a  shortha nd  
nota tion for tw o-d im ensiona l p a ra m eteriza tion of the form er is c onvenient. The tw o-
d im ensiona l vec tor of tra nsverse a ngula r veloc ity c om p onents is d enoted  a s [ ]Tω 21 ωω≡ .  
A nother tw o-d im ensiona l vec tor c onta ins a ngles, w hic h d efine the sp in a xis d irec tion. The 
vec tor is introd uc ed  a s [ ]Tθ 21 θθ≡ , w here the a ngles a re c ollec ted  from  the 312 θθθ −−  
Euler sequenc e. Fina lly, tw o-d im ensiona l (p la na r) c ounterc loc kw ise rota tion is m ec ha nized  
via  the follow ing op era tor 








 −
≡

αα
αα

α
cossin
sincos

}{R ,       (5) 

w here α  is the a ngle of rota tion. 
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A nother p a ra m eter is introd uc ed : 

( ) MRω p








−
≡

21
π

σ
σ

ah
,       (6) 

w hic h rep resents the influenc e of tw o-d im ensiona l vec tor of tra nsverse torque c om p onents, 
[ ]TM 21 MM≡ , on the tra nsverse a ngula r a c c elera tion ω& , w here Ω≡ aa Ih  is the a xia l 

a ngula r m om entum . 

The a ttitud e m otion d uring a ny given p ulse c yc le is b roken into three p ha ses. The 
first p ha se p rec ed es the p ulse a nd  the la st p ha se suc c eed s it. The ith p ulse c yc le sta rts a t tim e 

1−it  w ith its p re-p ulse p ha se nom ina lly running until 2/*1,*1 tttt ii ∆−+≡ −−  a nd  p ost-p ulse 

p ha se nom ina lly sta rting a t ttt ii ∆+≡ − ,*1*, . The next p ulse sta rts a t Ttt ii +≡ −1 . The nom ina l 

m id -tim e of the p ulse, *t , is the sa m e w ithin ea c h p ulse c yc le. W ithout loss of genera lity, the 
p ulse c a n be p ositioned  in the m id d le of ea c h c yc le, 2/* Tt ≡ , thus, introd uc ing c onvenient 
sym m etry into the p rob lem . This is p ossible bec a use the sta rt tim e of the first p ulse c a n be 
a lw a ys a d justed  so tha t the p ulses initia te d esired  p rec ession. The fund a m enta l id ea  of the 
p rop osed  m ethod  c onsists of a d d ing sm a ll tim e a d justm ents, itδ , to ea c h p ulse, suc h tha t the 

a d justm ent sim ulta neously m oves ith p ulse sta rt tim e, iii ttt δδ +≡ −− ,*1,1 , a nd  its stop  tim e, 

iii ttt δδ +≡ *,, , thus, p reserving the p ulse d ura tion, t∆ . 

D uring ea c h p ha se, the a ngula r veloc ity c a n be integra ted  in c losed -form . The 
tra nsverse torque only a ffec ts the tra nsverse a ngula r veloc ity c om p onents, w hic h a re found  a s 
follow s:5,6  

( ) 1iωR −−−= }{)( 1ittt λω , δ,11 −− ≤≤ ii ttt , )( ,1 δ−− ≡ itωω δ1,ι ,   (7) 

( ) ( ) ppδ1,i ωωωR +−−= −− }{)( ,1 δλ itttω , ii ttt ,,1 δδ ≤<− , )( ,itδωω ≡ιδ, , (8) 

( ) iδ,ωR }{)( ,ittt δλ −=ω , ii ttt ≤<,δ , )( itωω ≡ι .    (9) 

Their evolution sp a nning a ll three p ha ses is a  p iec ew ise sm ooth func tion of tim e, w hic h w ill 
be further used  to solve for a ttitud e kinem a tic s.  

A b ility to a p p roxim a te a ttitud e m otion in c losed -form  d ep end s grea tly on the c hoic e 
of a ttitud e p a ra m eteriza tion. Jud ic ious selec tion of non-sym m etric a l Euler a ngle sequenc e 
“p rec ession-d evia tion-sp in” fa c ilita tes d evelop m ent of the c losed -form  a ttitud e solution 
d uring the p rec ession m a neuver. W ithout loss of genera lity, let the p rec ession be d efined  
a b out the referenc e inertia l 2i  a xis a nd  the d evia tion be d efined  a b out the p rec essing (but not 
sp inning) 1a  a xis. This w a y the d evia tion c a n be interp reted  a s the a ngle betw een the sp in 
a xis a nd  the p rec ession p la ne. Fina lly, the sp in a ngle is d efined  a b out the bod y 3e  a xis, w hic h 
is c onsistent w ith the selec tion of the a xia l a ngula r veloc ity c om p onent. This sequenc e of 
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Euler a ngles is not only c onvenient geom etric a lly, but a lso p erm its linea riza tion of the 
a ttitud e kinem a tic s using only one sm a ll a ngle a ssum p tion.1,4 Na m ely, the d evia tion is 
a ssum ed  sm a ll, w hic h is rea sona b le a s the p rop osed  m ethod  seeks to m inim ize it. Thus, the 
linea rized  a ttitud e kinem a tic s bec om e 

)(}{)( ttt ωRθ Ω≈& , 11 <<θ .       (10) 

The resulting a p p roxim a te Euler a ngle d eriva tives a re p iec ew ise integra b le in c losed -form .   

)( itθθ i ≡  , )( 1−− ≡ itθθ 1i  

∫∫∫ Ω+Ω+Ω+=
−

−

−

−
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δ

δ

δ

δ

ωRωRωRθθ 1ii   (11) 

This form ula  a long w ith the form ula  for the tra nsverse a ngula r veloc ity (Eqs.6-8) c a n be 
rew ritten a s func tions of the a d justm ent, itδ ,  

pω1iωi ωBωAω )()( ii tt δδ += − ,      (12) 

pθ1iθ1ii ωBωAθθ )()( ii tt δδ ++= −−       (13) 

a nd  then further m od ified  to isola te term s linea r in itδ : 

( ) )( 2
ii tt δοδ +++= − pω tω 01iω 0i ωBBωAω ,     (14) 

( ) )( 2
ii tt δοδ ++++= −− pθ tθ 01iθ 01ii ωBBωAθθ .    (15) 

The resulting exp ressions c a n be interp reted  a s a  single p ulse c yc le sta te tra nsition equa tion 

( ) )( 2
ii tt δοδ +++= − pt01i0i ωBBxAx ,     (16) 

w here the sta te is d efined  a s 







≡

i

i
i ω

θ
x , the m a tric es a re c onstruc ted  a s 








≡

ω 0

θ 0
0 A0

AE
A , 









≡

ω 0

θ 0
0 B

B
B , 








≡

ω t

θ t
t B

B
B  a nd  their exa c t form  is show n in the a p p end ix. Fina lly, 

stra ightforw a rd  rep ea ted  a p p lic a tion of the single p ulse c yc le tra nsition results in the 
follow ing N p ulse c yc le tra nsition equa tion:  

)(
1

0

1

0
lkjN

N

j

N

j
ttt δδοδ +++= −

−

=

−

=
∑∑ pt

j
0p0

j
00

N
0N ωBAωBAxAx , Nlk ,...,2,1, = , (17) 

w here 0x  is the initia l sta te.  



 5 

M IN IM U M -N O R M  S O L U TIO N  

Tra nsition equa tion d evelop ed  in the p revious sec tion rela tes the initia l sta te w ith the 
sta te a fter N p ulse c yc les. This rela tionship  c a n be exp lored  to d eterm ine how  to rea c h the 
d esired  ta rget sta te using N p ulse tim e a d justm ents. A  rea sona b le w a y to d efine this ta rget 
sta te is by first c om p uting the sta te a fter N nom ina l p ulses: 

p0
j
00

N
0N ωBAxAx ∑

−

=

+=
1

0

N

j
.        (18) 

Then this sta te is c onverted  into the d esired  ta rget sta te, Nx̂ , by zeroing its tra nsverse 
a ngula r veloc ity a nd  d evia tion c om p onents: 

[ ] [ ]TN
T

N xx 000ˆ 22121 θωωθθ =⇒= .     (19) 

The ta rget vec tor is d efined  a s the d ifferenc e betw een the ta rget sta te a nd  the nom ina l sta te: 

p0
j
00

N
0NN ωBAxAxy ∑

−

=

−−≡
1

0

ˆ
N

j
.      (20) 

The p rob lem  is re-form ula ted  in the m a trix-vec tor form  suc h tha t the a d justm ent vec tor, 
[ ]TNδt NNNN ttt δδδ ...21≡ , is sought suc h tha t the ta rget vec tor is rea c hed : 

 )( 2

2NNNN δtδtΦy ο+⇐ ,       (21) 

w here  

[ ]NN2N1NNΦ ϕϕϕ ...≡        (22) 

is the regressor m a trix w ith 

ptNN ωB≡ϕ ,         (23) 

N1m0mN A ,+≡ ϕϕ , 1,...,2,1 −= Nm .      (24) 

 A t this p oint, the a ssum p tion tha t the a d justm ents a re sm a ll m ust be m a d e. It m a y be 
justified  by the fa c t the ta rget sta te a nd  the nom ina l sta te both sha re the sa m e p rec ession 
a ngle a nd  the fa c t tha t the num ber of p ulse c yc les N  is typ ic a lly m uc h la rger tha n the 
num ber of elem ents in the ta rget vec tor, 4. H ow ever, the a ssum p tion m a y still be viola ted , if 
the ob la teness p a ra m eter a p p roa c hes integer num bers, for w hic h p erform ing p rec ession 
m a neuver a nd  c ontrolling nuta tion bec om e d irec tly op p osing ta sks. Pa ra m etric  stud y 
eva lua ting this a ssum p tion is p resented  in the subsequent sec tions. S olution to the non-
squa re p rob lem  for 4>N  using singula r va lue d ec om p osition (S V D ) m ethod  yield s the 
m inim um -norm  solution:7  
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NNN yΦδt += ,         (25) 

w here  

T
N USVΦ =          (26) 

is the S V D  d ec om p osition of NΦ  w ith the p seud o-inverse d efined  a s 

T
N UVSΦ 1−+ ≡ .        (27) 

In the thin S V D  form ula tion, only non-zero singula r va lues a re inc lud ed  in the d ia gona l 
m a trix S .7  

 

TR E A TM E N T O F R A N K-D E FICIE N CY 

Insp ec tion of the m a trix NΦ  show s tha t it m a y ha ve a t m ost three non-zero singula r 
va lues. Henc e, the p rob lem  is und erd eterm ined  a nd  ra nk-d efic ient a t the sa m e tim e. This 
m ea ns tha t there exists a  subsp a c e in the four-d im ensiona l ta rget vec tor sp a c e, suc h tha t the 
p rojec tion of the ta rget vec tor into tha t subsp a c e is not a ffec ted  by the a d justm ents Nδt   
(und er linea r a ssum p tion). The p rojec tion c a n be c om p uted  a s follow s 

( ) 0yUUEy N
T

N ≠−≡~ ,      (28) 

w here TUUE ≠  bec a use  d im ension of U  is r×4 ,  w here the ra nk 4<r . The ra nk 
d efic ienc y is genera lly und esira b le a s it show s tha t, if p a rt of the ta rget vec tor lies in tha t 
subsp a c e, it is not rea c ha b le by a ny a d justm ents. H ow ever, w ith typ ic a l 3=r , the c ha nc es 
a re fa vora b le tha t the m a jor p a rt of the ta rget vec tor c a n be rea c hed . A lso, the m inim um -
norm  solution is inherently robust w ith resp ec t to ra nk-d efic ienc ies a s it sim p ly d oes not 
ta ke into a c c ount a ny p a rt of the ta rget vec tor tha t lies in tha t subsp a c e w hen d eterm ining 
a d justm ents. In other w ord s, the solution d oes not try to m a ke a d justm ents b a sed  on the 
unrea c ha b le p a rt of the ta rget vec tor.  

S till, this situa tion is und esira b le a nd  the a lterna tive is to red uc e the d im ension of the 
ta rget sta te (a nd , henc e, the ta rget vec tor). A s it w a s sta ted , p rec ession a ngle ta rgeted  by the 
m ethod  is b a sed  on the nom ina l p ulsing. It is p ossible to rem ove this a ngle from  the sta te a nd  
only seek to ha ve zero nuta tion a nd  d evia tion a ngles. In other w ord s, it is p ossible to red efine 
θ  a s 1θ≡θ . This essentia lly m ea ns tha t, instea d  of letting the unrea c ha b le subsp a c e va ry 
from  c a se to c a se, the subsp a c e is fixed  a long the p rec ession a ngle. The id ea  behind  this 
m od ific a tion is tha t zeroing both nuta tion a nd  d evia tion a ngles using sm a ll a d justm ents 
should  p ut the p rec ession a ngle nea r its nom ina l d esired  va lue.   
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S E N S ITIVITY A N A LYS IS  

In p ra c tic e, none of the a ssum p tions introd uc ed  for this m ethod  a re truly m et. 
Henc e, it is im p orta nt to a na lyze sensitivity of the results to viola tions of these a ssum p tions. 
This sec tion d esc ribes a na lytic  tec hniques for the a na lysis w herea s the next sec tion c onta ins 
results of the p a ra m etric  stud ies. 

O ne of the results c a n be obta ined  d irec tly from  the m ethod  form ula tion. S ensitivity 
of the fina l sta te to the a d justm ents a nd  to their a d d itive im p erfec tions is the sa m e p rovid ed  
tha t the a d justm ents a re sm a ll: 

N
N

N Φ
δt
x

=
∂
∂

 ∼ ( )1−σ .        (29) 

The 2-norm  of the regressor m a trix c a n a lso be used  a s a  single m ea sure of tha t sensitivity: 

  12
2

s==
∂
∂

N
N

N Φ
δt
x

 ∼ ( )1−σ ,      (30) 

w here 1s  is the la rgest singula r va lue of NΦ .7 These results ind ic a te tha t nea r-sym m etric a l 
b od ies a re less sensitive to p ulse a d justm ents, i.e. they require la rger a d justm ents for the sa m e 
fina l sta te c ha nge. The p rob lem  c om p letely d egenera tes for sym m etric a l b od ies ( 1=σ ). The 
results a lso ind ic a te tha t sm a ll rela tive tim ing im p erfec tions c a use p rop ortiona lly sm a ll 
rela tive sta te c ha nges. Note tha t sensitivity of the m inim um  norm  solution to c ha nges in the 
ta rget vec tor is p rop ortiona l to ( )1/1 −σ , w hic h m a kes this m ethod  ill-suited  for nea r-
sym m etric a l b od ies. O f c ourse, the c onc ep t of p rec ession m a neuver itself d egenera tes for 
suc h bod ies.  

 A nother result tha t c a n be obta ined  by insp ec tion of the sta te tra nsition m a tric es 
show s tha t the nea r-sym m etric a l b od ies a re a lso less sensitive to va ria tions in p ulse d ura tion:  

t∆∂
∂ Nx

 ∼ ( )1−σ          (31) 

a nd  

2t∆∂
∂ Nx

 ∼ ( )1−σ .        (32) 

Note tha t, w hile the tra nsition m a tric es a re genera lly form ula ted  w ithout sm a ll p ulse 
d ura tion a ssum p tion, the a ssum p tion is p ra c tic a l for effic ienc y rea sons: given the sa m e thrust 
im p ulse, shorter p ulse is m ore effec tive. Henc e, sim p lified  tra nsition m a tric es a re a lso show n 
in a p p end ix. 
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 S ensitivity to m a ss p rop erty im p erfec tions is a lso im p orta nt a nd  ha s been stud ied  
before. It ha s been show n tha t c losed -form  a ttitud e d yna m ic s d erived  for a xisym m etric  c a se 
rem a ins a c c ura te in the first ord er of rela tive inertia  errors.5,6 It ha s been a lso show n tha t the 
a d justm ent of p rec ession p ulses tha t ta rgets only nuta tion c a nc ella tion c a n suc c essfully 
a c hieve this even in the p resenc e of signific a nt inertia  errors.6 These results a re not extend ed  
in this p a p er, but w ill be a  subjec t of further review .  

 

P A R A M E TRIC S TU DIE S  

Pa ra m etric  stud ies a re p resented  in this sec tion to sup p lem ent the p ra c tic a lity a na lysis 
of this m ethod . Mea sures stud ied  in this sec tion a re sep a ra ted  in three c a tegories: linea rity 
m ea sures, a c c ura c y m ea sures a nd  effic ienc y m ea sures.  

L inea rity m ea sures serve a s ind ic a tors for w hen it is a p p rop ria te to utilize p rop osed  
tim e a d justm ent m ethod . They inc lud e m a xim um  m a gnitud e of the a d justm ent a ngle, 

kNk
tδΩ

= ,...,2,1
max , a nd  m a xim um  m a gnitud e of the d evia tion a ngle, 1],[ 0

max θ
Nttt∈

. The form er a ffec ts 

va lid ity of linea riza tion for the m inim um -norm  solution, the la tter a ffec ts va lid ity of 
linea riza tion of Euler a ngles kinem a tic s. W hen either one m ea sures exc eed s its threshold , the 
m ethod  is no longer va lid  a s it uses ina c c ura te sta te tra nsition.  

A c c ura c y m ea sures reflec t how  c lose the fina l sta te is to the ta rget sta te. They inc lud e 

the p ost-m a neuver nuta tion a ngle, 
Ω

≡Θ −

σ
21tan Nω

N , a nd  the p ost-m a neuver p rec ession 

error a ngle, ( )NN ee 33
1 ˆcos •≡∆ −θ , w here 33,ˆ ee  rep resent unit vec tors a long the d esired  sp in 

a xis a nd  the sp in a xis a c hieved  a fter N  p ulse c yc les. 

Fina lly, effic ienc y m ea sures d em onstra te usefulness of the m ethod  for sa ving fuel a nd  
tim e. They inc lud e tota l im p ulse sa ved , ( )ANCm ttNMI ∆+∆≡

2
, w here ANCt∆  is the 

d ura tion of thrusting d uring p ost-m a neuver a c tive nuta tion c ontrol (A NC ), a nd  m a neuver 
d ura tion red uc tion, ANCtot TTNT +≡ , w here ANCT  is the tota l d ura tion of p ost-m a neuver 
A NC . 

The stud y is p erform ed  using norm a lized  sp a c ec ra ft m od el, 1=aI , sp inning a t the 

ra te s/120o=Ω  initia lly a t p ure sp in. The ta rget p rec ession a ngle is selec ted  a s follow s: 
ta rget a ngle of o20  is used  in sim p lified  a na lysis to d eterm ine torque m a gnitud e required  to 
rea c h it, given the num ber of p ulses a nd  p ulse d ura tion. The torque is then a p p lied  w ithout 
tim e a d justm ents a nd  the p rec ession a ngle rea c hed  is used  a s the ta rget. The p ulse d ura tion is 
selec ted  suc h tha t it sp a ns o5  of sp in a ngle a nd  the p ulse c yc le is equa l to sp in p eriod , 

sT 3= . Perform a nc e of the m ethod  is illustra ted  by the tim e histories of the a c c ura c y 
m ea sures c om p uted  for 35.1=σ  a nd  10=N , so tha t m a neuver stop s a fter 30 s (Figs.1,2). 
D otted  line rep resents nom ina l p erform a nc e a nd  solid  line rep resents a d justed  p erform a nc e. 



 9  

There c a n be seen a  signific a nt red uc tion in nuta tion a nd  overa ll im p rovem ent in p rec ession 
a c c ura c y bec a use of tha t. These a nd  other m ea sures a re eva lua ted  for the follow ing ra nges of 
p a ra m eters: the ob la teness p a ra m eter, σ , from  0.25 to 2 (singula rity nea r 1 is exc lud ed ), a nd  
the num ber of p ulses, N , from  10 to 100. 

A s exp ec ted , the linea rity m ea sures im p rove a s m ore p ulses a re used  (Figs.3,4). They 
a lso im p rove a w a y from  integer va lues of the ob la teness p a ra m eter. Note tha t a d justm ents 
d ec rea se ra p id ly nea r 5.1,5.0=σ , w hic h is a lso a s exp ec ted  a s those va lues a re know n to 
p rovid e nuta tion c a nc ella tion w ithout a d justm ents. S im ila r beha vior is exhib ited  by the 
a c c ura c y m ea sures (Figs.5-8). A p p lic a tion of the m ethod  red uc es the p ost-m a neuver nuta tion 
d ra m a tic a lly (Figs.5,6), w herea s the p ost-m a neuver p rec ession error is typ ic a lly m a inta ined  a t 
lea st a s w ell (Figs.7,8). The m ost im p orta nt results a re obta ined  for the effic ienc y m ea sures 
(Figs.9,10). There c a n be fuel sa vings of up  to 10%  for ea c h o20  m a neuver (Fig.9). These 
sa vings a re c orrela ted  w ith the red uc tion of p ost m a neuver nuta tion bec a use A NC  is 
c om p a ra tively m ore fuel intensive tha n p ulsing d uring p rec ession. The m a neuver d ura tion 
red uc tion is not signific a nt bec a use A NC  p ha se is short c om p a red  to p rec ession, w hic h 
inc lud es rela tively long c oa sting p ha ses. H ow ever, note tha t using m ore p ulse c yc les to rea c h 
the sa m e p rec ession a ngle m ea ns sp end ing p rop ortiona lly m ore tim e on this m a neuver. In 
other w ord s, if the p rop osed  m ethod  d oes not give m uc h sa vings for 100 p ulse c yc le 
m a neuver, but c a n sa ve 2%  of fuel for 50 p ulse c yc le m a neuver, the la tter m a y be em p loyed  
a nd  d ura tion of the m a neuver c a n be red uc ed  in ha lf. 

 

 

Figu re 1 N u tation angle, deg 
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Figu re 2 M agnitu de of precession error angle, deg 

 

Figu re 3 M axim u m  m agnitu de of adju stm ent angle, deg 
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Figu re 4 M axim u m  m agnitu de of deviation angle, deg 

 
Figu re 5 N om inal post-m aneu ver nu tation angle, deg 
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Figu re 6 A dju sted post-m aneu ver nu tation angle, deg 

 
Figu re 7 N om inal post-m aneu ver precession error angle, deg 
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Figu re 8 A dju sted post-m aneu ver precession error angle, deg 

 
Figu re 9 Total im pu lse saved, %  
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Figu re 10  M aneu ver du ration redu ction, %  

 

CO N CL U S IO N S  

The p rop osed  m ethod  a c hieves sim ulta neous p rec ession m a neuver a nd  a c tive 
nuta tion c ontrol using sm a ll a d justm ents to thruster p ulses for a  w id e ra nge of a xisym m etric  
inertia  m om ents. A s a  result there c a n be signific a nt p ointing a c c ura c y im p rovem ents a s w ell 
a s tim e a nd  fuel sa vings.    
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A P P E N DIX 

G enera l sta te tra nsition m a tric es: 

{ }σπ2RAω 0 = ,        (33) 

( ) ( )






 Ω∆−

−−






 Ω∆−

+=
2
1

2
1 tt σσπσσπ RRBω 0 ,    (34) 

( ) ( )

( ) ( )






 Ω∆−

+





 +Ω−−







 Ω∆−

−





 +Ω−=

2
1

2
11

2
1

2
11

t

t

σπσσ

σπσσ

R

RBω t

,     (35) 

 

( ){ } { }
Ω

−−−
=

σ
ππσ 2/2/12 RRAθ 0 ,      (36) 

( ) ( )

( )
Ω







 Ω∆+

−






 Ω∆−

−−

Ω






 Ω∆−

+





 +−







 Ω∆−

−





 +

=

σ

ππ

σ

σ

σπσσπσ

221

2
1

2
1

2
1

2
1

tt

tt

RR

RR
Bθ 0

,  (37) 
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( )

( )
( ) ( )

σ

σσπσσπ
σ

σ
σ







 Ω∆−

+−






 Ω∆−

−
−+







Ω∆

−






 Ω∆−

−=

2
1

2
1

1

221

tt

tt

RR

RR
Bθ t

.   (38) 

S ta te tra nsition m a tric es sim p lified  und er the sm a ll p ulse d ura tion a ssum p tion: 
1<<Ω∆t : 

( )














 +Ω∆−≈ πσσ

2
11 RBω 0 t ,      (39) 

( ) { }σπσ RBω t t∆Ω−≈ 221 ,       (40) 

( ) { }
σ

σπσ ERBθ 0
+

∆−≈ t1 ,       (41) 

( ) ( )






Ω∆−

−














 −

Ω∆−
≈

2
1

2
11 2 π

σ
σπσ

σ
σ RRBθ t

tt
.   (42) 

 

 

 

 


