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This work refines probability calculations for rectangular object shapes of unknown
orientation and compares those results to their representations as spheres. Conjunction
probability analysis for spherical objects exhibiting linear relative motion is accomplished by
combining covariances and physical object dimensions at the point of closest approach. The
resulting covariance ellipsoid and hardbody can then be projected onto the plane
perpendicular to relative velocity. Collision potential is determined from the object’s
physical footprint on the projected, two-dimensional, probability density space. For
rectangular objects, the attitude must be considered because the region of integration
(footprint) changes. lIdeally, the attitude of each object should be known to accurately assess
this probability. In the absence of object attitude information, a footprint must be created
that completely defines the region where the two objects might touch. This footprint can
then be rotated to determine the orientation that produces the largest probability making it
the most conservative estimate for the given conjunction conditions. For a rectangular
object modeled as a circle, the representation is shown to be overly conservative, producing
a larger probability than that of the rectangular shape.

Nomenclature

AR = aspect ratio of major-to-minor projected covariance ellipse axes
C P lo = -correspondence of the low, relative probability value

dist = distance of closest approach

ht = individual object height

It = individual object length

OBJ = combined object radius

P = two-dimensional probability

Pmax = maximum probability

rl = half-length of primary’s largest dimension of projected rectangle
rlp = half-width dimension perpendicular to half-length r1

2 = half-length of secondary’s largest dimension of projected rectangle
2p = half-width dimension perpendicular to half-length 2

w = combined object width factor

wt = individual object width

X = major axis direction

xm = x component of projected miss distance

y = minor axis direction

ym =y component of projected miss distance

o = orientation angle of distance vector

oX = major axis standard deviation

oy = minor axis standard deviation

oyl = zero order minor axis standard deviation approximation

0 = orientation angle of projected object
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Introduction

HERE is a growing body of work that addresses probability computations for neighboring space objects'” and

some literature that examines the associated accuracy requirements'*''. Typically, a determination is made
when a secondary object transgresses a user-defined safety zone. The uncertainties associated with position are
represented by three-dimensional gaussian probability densities. These densities take the form of covariance
matrices and can be obtained from the owner-operators or independent surveillance sources such as the US Space
Object Catalog (Special Perturbations). Typically, positions and covariances are propagated to the time of closet
approach, relative motion is assumed linear, and the positional covariances are assumed constant and uncorrelated
for the encounter.

Space object collision avoidance (COLA) is usually conducted with the objects modeled as spheres. The
combined covariance size, shape, and orientation are coupled with physical object sizes to determine collision
potential. At the point of closest approach, each object’s positional uncertainty is combined and their radii summed.
For linear relative motion, the resultant is projected onto a plane perpendicular to the relative velocity where the
collision probability is calculated’. The projection reduces the probability formulation to a double integral that can
be further simplified to a single integral through use of error functions.

This paper addresses the assumption that the objects are spherical. Satellite dimensions can be obtained by
owner/operators or assessed through observation. The subsequent probability calculations can then be refined by
using knowledge of the rectangular object shapes and their orientations. The non-circular footprint is integrated
over the projected covariance. The attitude must be considered because it changes the region of integration
(footprint). Ideally, the attitude of each object should be known to accurately assess probability. This paper shows
how to create a footprint in the absence of object attitude information that completely defines the region where the
two objects might touch. This footprint can then be rotated to determine the orientation that produces the largest
(most conservative) probability for the encounter holding all other parameters fixed.

Formulation for probability with unknown orientation

A two-dimensional rectangle can be formed from the three-dimensional hard body object dimensions of height
(ht), width (wd), and length (It) such that all possible combinations of projection and attitude are completely
contained. The all-encompassing rectangle has the dimensions shown in Fig. 1.
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Figure 1. Primary object projection geometry.

The half-length (r1) of the primary rectangle is simply half the diagonal length

\/htl2 + wdl2 + It12
rl=
2 (1)

The greatest half-width (r1p) perpendicular to rl is

max (ht1, wd1, It1)*

rip = | max(htl,wd1, Itl)2 -
htl2 + wd 12 + It12 )
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Similarly, the half-length (r2) of the secondary object’s largest projected rectangle dimension is

\/ ht2? + wd2” + It2°
2=
2 (3)

and the half-width (r2p) perpendicular to 12 is

max (ht2, wd2, t2)*

2p= | max(ht2, wd2, t2)% —
ht22 + WC|22 + |t22 (4)

The combined object radius (OBJ) is defined as
OBJ=rl+1r12 5)

and the width factor (w) is

min(rlp + r2,r2p + rl)
- OoBJ (6)

Figure 2 shows the overlay of the projected rectangle on the projected circle. The combined object must be
coincidental to both spaces, meaning the shaded areas can be eliminated.

w * OBJ

0OBJ

Figure 2. Superposition of projected rectangle and circle.
Because the orientation of the resulting projection is unknown, it must now be rotated through an angle 6 measured
from the covariance ellipse major axis. This is done to produce the largest probability for the given location (xm,

ym) and associated standard deviations (oX, oy) in the projected covariance frame. As a function of 0 the
probability equation takes the form

2
W 1-y
OB\]2 (—1\ |:[xm + (x-cos(0) + y-sin(e))'OBJ]}2 {ym + (y-cos(0) — x-sin(e))-OBJTﬂ
- . exp| | — - + dx dy
AR-cy oy

w oy )

where the major axis standard deviation (ox) has been replaced as the product of the aspect ratio AR and cy.
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Formulation for maximum probability

This formulation determines the worst-case conjunction scenario by finding the combined Gaussian error
probability density function that maximizes collision probability. A new angle (o) is introduced to define the
orientation of the distance vector with respect to the covariance ellipse major axis. For a fixed miss distance (dist),
object size (OBJ), and width factor (w), the projected covariance size and relative orientation are varied to produce
the maximum probability while the covariance aspect ratio is held fixed. This is different from the previous section
where the largest probability was found by varying 6 while holding the covariance size (cy) and orientation (o)
fixed. The angle a is illustrated in Fig. 3 along with the orientation angle of the projected object (0).

Figure 3. Relationship of angles a and 6 to major axis.

The probability equation as a function of a and 6 becomes

2
W 1-y
oBJ? ~1) | [ dist-cos(a) + (x-cos(8) + y-sin(6))-0B3] 1> [ dist-sin(a) + (y-cos(8) — x-sin(6))-OBI|>
P=—2~ exp <) AR oy + o dx dy
2.71-0y°-AR
“w iy ®)

Figure 4 shows a parametric representation of probability with respect to the two angles for all aspect ratios
greater than one and width factors less than one.

O (degrees)

Probability
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Figure 4. Probability with respect to angles a and 6.
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As deduced from Fig. 4, the maximum probability appears to occur when the relative position vector is aligned
with the major axis of the combined covariance ellipse (o equals zero) coincident with the object’s probability mass
symmetrically distributed about the major axis (0 equals zero). It can readily be shown that under these conditions,
the first derivative with respect to each angle is zero and their second derivatives are negative. The maximum
probability for a given covariance size (cy) and shape (AR) is therefore represented as

a5 (C~ N
2 AR-oy oy

Pmax = ———— - | exp[
) 7
A ©

2.1.0y% AR J

With 0 equaling zero to optimize the object orientation and o equaling zero to optimize the relative distance
direction, the final step determines the size of the projected covariance that maximizes Eq. (8). The derivative of
Eq. (9) is taken with respect to oy and the resulting exponential function in the integrand approximated to zeroth
order. The resulting double integral is set equal to zero to determine the minor axis standard deviation oy that
maximizes the probability. This zero-order approximation (cy0) becomes

dist ) dist )2
—oBs® | L oBJ) | oBJ) |

24 ARZ(W-«’ 1- w2 + asin(W)) (10)

The value of the above expression can be used in Eq. (9) to begin iterating on oy to find the maximum probability
within the bounds of user tolerance.

If the combined object footprint contains the covariance ellipsoid center (dist < OBJ), the maximum probability
approaches one as the minor axis’ standard deviation nears zero. This is the limiting case and must be
independently addressed. The method described in this section only applies when the combined object does not
encompass the covariance center (dist > OBJ). Given the combined object radius, width factor, and distance from
center, the minor axis size can be determined by maximizing the above probability expression with respect to oy.
Once determined, the worst-case collision probability is calculated.

-asin (w)

3
(—2 + 6~AR2)-W~( 1- WZ) + —3-AR2 -3- 12-( ‘W 1— w2 + —3~AR2 -3- 12(

oy0 =

Numerical Testing

Approximately 500,000 test cases were used to evaluate the preceding probability expressions. These cases had all
parameters normalized to a minor axis standard deviation of 1. The object size varied from 10~ to 10™, the miss

distance varied from 10™* to 10* with position ranging from 0° to 90° relative to the major axis (c.), and the aspect

ratio varied from 1 to 50. Additionally, the object’s orientation angle (0) was varied from 0° to 180° relative to the
major axis with the width factor ranging from 0.01 to 0.99. To understand the benefits of treating objects as
rectangles, all results are given as a percentage of the probability for spherical objects. In the representative plots
that follow, a solid red line with diamonds indicates the mean relative probability, a dashed green line with x
symbols represents the maximum relative probability, a blue dotted line with circles represents the minimum relative
probability, and a black dash-dotted line with plus signs represents the mean approximation. All computations were
done using MATHCAD 11 set to the highest tolerance that would still allow convergence of the integrals. For these
cases the tolerance was set to 107",
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Figure 5. Relative Probability (OBJ < dist) Figure 6. Relative Probability (OBJ > dist)

The above figures show the characteristic behavior of the probability function with respect to the width factor. The
correspondence of mean value is not one-to-one with the width factor. When the combined object radius is less than
the relative distance, the mean and minimum values are somewhat close in value as reflected in Fig. 5. The
correspondence of the low, relative probability values (C_P_lo) can be approximated by comparing the footprint
area of the projected rectangular object to that of the circular one through the following equation.

(/242 & asingu)
C P lo~ 2-\w+/ 1-w + asin(w)

" (11)

The above equation is a simple indicator of what improvement should be expected (on average) when using a
rectangular shape instead of a circular one. The comparisons of the approximation to mean and low, relative
probability values are shown in the following figure.
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Figure 7. Relative Probability Approximation Comparison (OBJ < dist)
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The maximum probability expression was evaluated in a similar manner. The object radius was smaller than or
equal to the miss distance and no limit was set on the standard deviation. The object’s orientation angle (6) and
relative distance angle (o) were fixed at zero with all other parameters varied as previously mentioned. As before,
all results are given as a percentage of the maximum probability for spherical objects. The legend description for
the following figure also remains the same as does the MATHCAD 11 tolerance.
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Figure 8. Relative Max Probability (AR=1) Figure 9. Relative Max Probability (AR=5)
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Figure 10.  Relative Max Probability (AR=10) Figure 11.  Relative Max Probability (AR=50)

Figures 8-11 show the characteristic behavior of the maximum probability function with respect to the width
factor and aspect ratio. The standard deviation that produces the maximum probability decreases as the width factor
decreases. If the standard deviation is unconstrained and the object radius approaches the miss distance in value, the
probability density becomes more concentrated near the origin. This has a twofold effect as seen in the figures. The
most obvious effect is that the greatest relative maximum probability (dashed green line with x symbols) approaches
100% rapidly. The second effect is that the mean relative values (solid red line with diamonds) also tend to be
greater as the aspect ratio grows.

It is beneficial to get a sense of the width factor’s variability. Every day that new NORAD two-line element sets
are publicly released, a maximum conjunction probability report is generated and posted as a free advisory service at
the website http://celestrak.com/SOCRATES/. The June 29, 2004, data was used to determine all object pairings of
primaries (2,627) with secondaries (8,411) within 10 kilometers for a seven day span. The width factor for each of
the resulting 26,752 pairs was then computed and binned to produce the following histogram.
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Figure 12.  Width Factor Histogram

Conclusion

Conservative expressions were derived for the conjunction probabilities of rectangular objects in the absence of
attitude information. An approximation to mean probability relative to that of a circular object was also given. A
width factor histogram for a single run of Satellite Orbital Conjunction Reports Assessing Threatening Encounters in
Space (SOCRATES) was provided to give the reader a snapshot of variability.
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